Connected components of spaces of Morse functions 
with fixed critical points 

Elena A. Kudryavtseva 

Abstract. Let M be a smooth closed orientable surface and F = F pqr be the space of Morse functions on M 
having exactly p critical points of local minima, q > 1 saddle critical points, and r critical points of local maxima, 
moreover all the points are fixed. Let Ff be the connected component of a function / G F in F . By means of 
the winding number introduced by Reinhart (1960), a surjection ttq(F) — > 1P+ r ~ l is constructed. In particular, 
|7i"o(-F)| = oo , and the Dehn twist about the boundary of any disk containing exactly two critical points, exactly 
one of which is a saddle point, does not preserve Ff . Let & be the group of orientation preserving diffeomorphisms 
of M leaving fixed the critical points, &° be the connected component of id-M in & , and 2)f C & the set of 
diffeomorphisms preserving Ff . Let J#f be the subgroup of S'f generated by 2$° and all diffeomorphisms fcef 
which preserve some functions f± G Ff , and let Jrf? f ahs be its subgroup generated by 2#° and the Dehn twists 
about the components of level curves of functions fx £ Ff . We prove that J^ abs C Slf if q > 2 , and construct 
an epimorphism ^//J^ abs — > 13^ , by means of the winding number. A finite polyhedral complex K — K p ^ r 
associated to the space F is defined. An epimorphism /i: iri(K) — > 2tf/J#f and finite generating sets for the 
groups @f/£>° and @f/Jfff in terms of the 2-skeleton of the complex K are constructed. 

Key words: Morse functions on a surface, equivalent and isotopic functions, winding number, Dehn twist, 
C*~) ' admissible diffeomorphism, polyhedral complex. 
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AHHOTaU,HH 

IlycTb M - rjiaflKaa 3aMKHyTaa opiieHTiipyeMafl noBcpxHOCTb h F = -F M] r — npocTpaHCTBO 
cbyHKniift Mopca Ha M , nivieioiHHx pobho p KpiiTHiecKHx ToneK jiOKajibHbix MHHHMyMOB, q > 1 ce,n,- 

JIOBBIX KpHTHHeCKHX TOHeK H T TOHeK JIOKajIBHBIX MaKCHMyMOB, npHHCM 3TH TOHKH (DHKCHpOBaHM. 

IlycTb Ff - KOMnoHeHTa cbh3hocth cbyHKinin / G F b F . C noMonnsio uncjia BpameHHH, BBefleH- 
Horo PeiiHxapTOM (1960), nocTpoeHa ciopteKUHH tto(F) — > 'L p+r ~ l . B nacTHOCTii, ^(.P 1 )! = oo , n 
CKpy^HBaHne ^SHa BOKpyr rpaHnnbi juo6oro flncxa, coflepscamero pobho /me KpiiTHuecKiie tohkh, 
H3 KOTopbix pobho ojxaa, cefljiOBaa, He coxpaHaeT Ff . IlycTb 2! - rpynna coxpaHHiomnx opueHTa- 

UHK) flH(p(peOMOp(i)H3MOB M , OCTaBJIHIOIHHX HenOflBHJKHBIMH KpHTHUeCKHe TOUKH, 2>® - KOMnoueHTa 
CBH3HOCTH \6.M B S> , S> f C S> - MHOJKeCTBO flH(D(peOMOp(pH3MOB , COXpaHHIOIUHX Ff . IlyCTb M'f 

- noflrpynna 2>f , nopojKfleHHaa *2> Q h BceMH /ni<b(peoMop(bH3MaMH h G 2> , coxpaHsroiiniMii KaKne- 
jih6o (byHKHiin /i 6ff,H nycTb J^ abs - ee no/mpynna, nopojKfleHnaa £^° h CKpyuiiBaHHSMii ,H,3Ha 
BOKpyr KOMnoHeHT jihhhh ypoBHH cpyHKinifi /i E Ff . C noMOumio nucjia Bpamenua flOKa3aHO, hto 
^oabs q ^ n p H g > 2 , u nocTpoeH 3nHMop(pH3M S)f/J^r ahs — s> Zj" . OnpeflejieH KOHeuHbiii nojiu- 
sflpajibHbiii KOMnjieKC i^ = K p>q>r , accoiniHpoBaHHbiH c npocTpaHCTBOM F . IlocTpoeHbi 3nnMopcpH3M 
/i: tti(K) — >■ Sf/J^ff h KOHenHbie MHOJKecTBa nopo»cflaiom;Hx sjieMeHTOB rpynn @f/@ h @f/J$?f b 
TcpMunax 2-ocTOBa KOMnjieKca if . 

KjiwHeeue cjioea: cbyHKinoi Mopca ua noBepxuocTH, SKBiiBajiCHTHbie h H30TonHbie qbyHKE,HH, hhc- 
jio Bpani,eHHH, CKpynnBaHne ^SHa, flonycTHMbiit flncbcbeoMopcbH3M, nojiHSflpajibHbiii KOMnjieKC. 
YAK 515.164.174, 515.122.55 



1. BsefleHHe. ElycTb M = M 2 - rjia^Kaa 3aMKHyTaa opneHTHpyeMaa noBepxHOCTb h F = F p ^ r - 
npocTpaHCTBO (pyHKHHii Mopca Ha M , HMeiomnx pobho q > 1 cejjjioBbix KpHTHnecKHX ToneK xi,...,x q , 

p KpHTHHeCKHX TOHeK Xg+1, . . . , Xp+g JIOKajIbHMX MHHHMyMOB H T TOHeK X p + q +l, . . . , X p+q+r JIOKajIbHBIX 

MaKCHMyMOB, npnneM 9th tohkh cpHKcnpoBaHM. Bo3HHKaeT 3aflana: onncaTb roMOTonHHecKHH ran npo- 
CTpaHCTBa F (b C°° -TononorHn) h, b nacTHOCTH, mhojkbctbo iro(F) ero cbh3hmx KOMnoHeHT. C noMO- 
mbio hucacl epav^enuH, BBejj,eHHoro B. PeiiHxapTOM [1], mm CTpoiiM cropT-eKinno tto(F) — > Z p+r_1 (Teope- 
Ma 1), aHajiorHHHyio nojiHOMy HHBapnaHTy K).M. BypMaHa [2, 3] n ,a,OKa3MBaeM paBeHCTBO |7To(-F)| = oo . 
BjiH3Kaa 3aflaHa 6bijia penieHa C.B. MaTBeeBbiM [4] (1997), X. D,HniaHroM [5] (1998), B.B. UlapKO [6] 
(1998) h C.H. MaKCHMeHKO [7] (2005). MaTBeeB h DriinaHr jj,OKa3ajiH pa3HbiMH MeTOJj,aMH jiHHeiiHyio 
CBH3HOCTb npocTpaHCTBa F = F P) q )T D F cpyHKHHii Mopca Ha M , HMeiomnx cpHKCHpoBaHHbie mho- 

JKeCTBa KpHTHHeCKHX TOHeK JIOKajIbHblX MHHHMyMOB H MaKCHMyMOB. ^pyrOH 6jIH3KHH pe3yjibTaT 6bIJI 

nojiyneH BypMaHOM [2, 3]. Oh H3ynaji npocTpaHCTBO F' rjiajiKHX cpyHKiniii 6e3 KpHTHnecKHX tohck 
Ha HeKOMnaKTHoft noBepxHOCTH M' , jioKajibHO nocTOHHHbix Ha Kpae h HMeiomnx 3ajj,aHHoe noBefleHHe 
b6jih3h Kpaa. /Jjih jho6oh (pyHKHHH / € F' oh nocTponji OTo6pa»ceHHe Bf. F' — > H 1 (M',dM') (noji- 
Hbili TonojiorHHecKHH HHBapnaHT Ha npocTpaHCTBe F' ) n flOKa3aji, hto HHjxyHHpoBaHHoe OTo6pajKeHne 
(Bf)#: ttq(F') —t- H 1 (M' ,dM') 6hckthbho. roMOTonnnecKHH ran npocTpaHCTB cpyHKiniii c yMepeHHbi- 

MH OCo6eHHOCTHMH Ha OKpyjKHOCTH H3ynajICH B.H. ApHOJIbflOM [8]. OyHKHHH Mopca Ha nOBepXHOCTHX 

H3ynajiHCb A.T. Oomchko h DrnnaHroM [9], A.B. Bojichhobmm h cDomchko [10, 11], h aBTopoM [12] b 
cbh3h c 3aflaHeii KjiaccHcpHKainiH HeBbipojKfleHHbix HHTerpnpyeMbix raMHjibTOHOBbix cncTeM. Pa3jiHHHbie 
Bonpocbi KjiaccH(pHKaH,HH h TonojiorHH npocTpaHCTB cpyHKiniii Mopca Ha noBepxHOCTHX HccnejjpBajiHCb 
TaK»ce b pa6oTax [13, 14, 15, 16]. 

OnHineM ocHOBHbie pe3yjibTaTbi HacTOHinen pa6oTbi. 

OGosHaneHHe 1. LlycTb S> = S>(M, {x±, . . . , x p +g+r}) - rpynna coxpaHHiomnx opneHTaHino jincpcpeo- 

MOp(pH3MOB M , OCTaBJTJHOinHX HenOJIBHJKHMMH BCe KpHTHHeCKHe TOHKH, nyCTb S° - KOMnOHeHTa CBH3- 
HOCTH idM B S> , H S> f C f - MHOJKBCTBO JIHCpCpeOMOpCpH3MOB, COXpaHHIOIHHX KOMnOHeHTy CBH3HOCTH 

Ff (pyHKHHH f £ F b F (b C°° -Tonojiornnx Ha S> h F , cm. [16, §4]). Hnsce (onpejj,ejieHHe 1) bbojthtch 
rpynna Jt?? a6cojimmHO donycmuMUX h rpynna J£j donycmuMux ,n,HcpcpeoMopcpH3MOB jijih cpyHKHHH 
/ (oTjiHHHbie ot noHHTHH / -flonycTHMoro /i,H(p(peoMop(pH3Ma h € $>f H3 [7, §6]). Ilo TeopeMe 2 hhjkc, 
ohh hbjihiotch HopMajibHbiMH noflrpynnaMH rpynnbi S>f . TaK KaK rpynna S /S° flHCKperaa, to no/i,- 
rpynnbi JT f ahs /S° C je f /£>° C @ f /®° h cpaKToprpynnbi @/{{® )) , %/^/ h je f /Jf? f ahs C %/^ abs 

flHCKpeTHbl. 

Bo3HHKaioT cjie,a,yioinHe 3aflanH: 

1) ^jih 3aflaHHoro ,zn«pcpeoMopcpH3Ma h € S onpe/i,ejiHTb, npHHa^jiencaT jih (pyHKii;HH f a fh o/i,hoh 
KOMnoHeHTe cbh3hocth Ff npocTpaHCTBa F (t.c npHHa^jiejKHT jih h no^rpynne Sf ). B nacTHOCTH, 
onncaTb npocTpaHCTBO CMejKHbix KjiaccoB S /3>f ~ tto(F) h onpe/i,ejiHTb, hbjihctch jih oho KOHeHHbiM. 

2) ^],jih 3aji;aHHoro ,znicpcpeoMopcpH3Ma h £ 3> hjih 3)f onpe/i,ejiHTb, sbjihctch jih oh jjpnycTHMbiM (a6- 
cojiiotho flonycTHMbiM) fljiH cpyHKn,HH / (t.c npHHa/i,jiejKHT jih no^rpynnaM J^f h J4f? ). B nacTHOCTH, 
noflTBep^HTb hjih onpoBepmyTb rnnoTe3y M. BacMaHOBOii o coBnafleHHH nojirpynn Jff? C Jtff C &/ . 

3) OnncaTb KOHenHbie MHoacecTBa nopo»cflaioHi,Hx sjicmchtob cpaKToprpynn 3>f/3!® n S)f / ' M'j . 

B flaHHoft pa6oTe c noMombio uucjia epaiu,eHun, BBe,n,eHHoro B. PeiiHxapTOM [1], nojiyneHbi nacTHHHbie 
penieHHH nepBbix ppyx 3a/;aH, a c noMoni,bio KOMUAeKCoe cfiyHKi^uu Mopca - penieHHe TpeTbeii 3aflann: 

1) nocTpoeHa ciop'beKn.HH ttq(F) ~ 3) /3)f — > Z p+r_1 (TeopeMa 1). B nacTHOCTH, |7To(-F)| = oo . 

2) EIocTpoeHa ciopT>eKn,HH ^/J^? — y 13^ , KOTopan HH/;yH,HpyeT 3nHMopcpH3M @f/J4?? — >• Z^~ , 
a npn M ^ S 2 - 3nHMopcpH3M J^ff/J^f? — V Z^ _ (TeopeMa 2). B nacTHOCTH, npn q > 2 mm nojiynaeM 
onpoBepjKeHne J4?? C £$f rHnoTe3M BacMaHOBOii. 

3) Onpe/i,ejieH KOHenHbiii CBH3Hbiii nojirojxpajibHbiii KOMnjiexc K = K p ^ tr , accoininpoBaHHMH c npo- 
CTpaHCTBOM F (TeopeMa 3). EIocTpoeHM 3nnMop(pH3M fi: tt\{K) — > SUf/M'f h KOHenHbie MHOJKecTBa 
nopojK^aiom,HX 3jieMeHTOB rpynn Sif/Sl® h ^f/M'f b TepMHHax 2-ocTOBa KOMnjiexca K (TeopeMM 4, 5). 



B CTaTbe TaKJKe nccjie^OBaHO, KaKHe H3 rpynn nenonKH &?° C J^- abs C Jff C @f C S> coBna,n,aioT 
(cm. cjie/i,CTBHe) , KpoMe cjiynaa M'f C £P/ npii M ^ S 2 , q > 4 . IlpH M = S 2 flOKa3aHbi oijeHKH q — 1 < 
rank (%/^/) < rank (7Ti(if)) , rank (0/ ((%))) > p + r - 1 , a npn M ^ S 2 oilmen rank (Sf/JTf) < 
rank^i^)) , rank (J^-/J^. abs ) > g — 1 (cjieflCTBiie h TeopeMa 4), r,a,e paHr rpynnbi ecTb MHHHMajibHoe 
KOjinnecTBO nopo;>K,fl,aioiiiHX ajieivieHTOB. OTCio,fl,a ,Jiff = £>f , ecjin tti(K) = 1 . IIosTOMy M'f = 3>f b 

cjrynae M ^ S 2 , q < 3 (TaK KaK KOMnjieKCbi K = -Ki 2,1 ~ [0, 1] h K = K\ 3 2 ^ \f S 2 o,a,HOCBH3Hbi) . 
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2. TonojiorHHecKHH HHBapiiaHT Ha npocTpaHCTBe i 7 , &>f -HHBapHaHT Ha npocTpaHCTBe 

& . 06o3Ha x iHM nepe3 Jf^ no^rpynny b &> , nopo>K,zi,eHHyio 0° h CKpyHHBaHHHMH ,II,3Ha [17] BOKpyr 
pa36nBaioniHX KpHBbix ("a/rpo jJiKOHCOHa" [18]). Oiia HBjiaeTCH HopMajibHofi. 

TeopeMa 1 ( 3)f -HHBapnaHT Bf Ha npocTpaHCTBe *2> ) . Tlycmb q > 1 u f £ F . HMeemcn cropveK- 
vala Bf: Ql — >■ Z p+r_1 , ozpanuueHue Komopoil na ak>6ou CMeotcnuu KJiacc Slfh, h £ Si , nocmonHHO. 
OzpanuueHue Bf\x'- <%f — >■ Z p+r_1 ne 3aeucum om (pynni^uu f u ttejiaemca 3nuMopdiu3MOM. CnpyHU- 
eanue fl^ana eonpyz zpanuv,u ak>6ozo ducna, codepcucau^ezo poeno k > cedjioeux KpumuuecKUX moueK 
u £ ^ {0, fc + l,p + r} KpumuuecKUX moueK AOKcmbHux MUHUMyMoe u MdKCUMyMoe, ne npunadjieoKum 
nodzpynne *2Jf C\ Jf C ker(i?j|^f) (m.e. we coxpannem KOMnoHenmy Ff diyHK%uu f e F ). B uacmno- 
cmu, |7i"o(.F)| = 00, Sf C Q> u UMeemen cwp&eKi^un no(F) ~ S/Sf — > Z p+r_1 . Ecau M = S 2 , mo 
Jf = S> , u Bf onpedeAttem 3nuMopcp~u3M S/({S>f)) — > Z p+r_1 , ne 3aeucfivj i uu om f . 



3. ^onycTHMtie ,a,HcpcpeoMopcpH3Mi>i h J^. abs 



HHBapnaHT Ha npocTpaHCTBe 



Onpe^ejieHHe 1 . ,U,H(p(peoMop(pH3M h € ^ Ha30BeM donycmuMUM Oah (fiyHKv^uu f £ F , ecjin HMe- 

IOTCH TaKHe (pyHKU,HH /i,...,/jv G i 7 / H ^H(p(peOMOp(pH3MbI h\, . . . ,llN € ^, ^TO /j = /j/lj H /l G 

h\ . . . h^S . Ecjih KajKflbiii /ij - CKpyHHBaHne /I,9Ha BOKpyr cbh3hoh KOMnoHeHTbi KpiiBOH f^ (aj) , r/i,e 
Oj - HeKpnTHHecKoe 3HaneHHe (pyHKn;HH /j , to ,n;H(p(peoMop(pH3M /i Ha30BeM a6coAmvrmo donycmuMUM 
3aa f . A6cojik>tho flonycTHMbie n ^onycTHMbie ,a,ncpcpeoMopcpH3Mbi ^jia (pyHKii,HH / £ F o6pa3yioT 
abs n J^ rpynnbi ^ (cm. o6o3HaHefflie 1). 51cho, hto S° C JF^ CJf/CffC 



no^rpynnbi ^r 
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IIpHMepBi. (A) IlpocTaH 3aMKHyTaa KpnBaa Ha M Ha3biBaeTCH donycmuMou [7, §6] /i,jih (pyHKH,HH Mopca 
f £ F , ecjin OHa aBjiaeTCH KOMnoHeHToii cbh3hocth jihhhh ypoBHH g~ 1 (a) HeKOTopoft (pyHKii,HH g £ Ff . 
CKpyHHBaHHe ^SHa BOKpyr TaKoii kphboh - sto a6coinoTHO flonycTHMbiii ^H(p(peoMop(pH3M fljia / . 

(B) ^pyroii npHMep ^onycTHMoro ,zn«p(peoMop(pH3Ma noKa3aH Ha pnc. 1. KaK h b npHMepe (A), 
3tot flH(p(peoMop(pH3M h = hij coxpaHHeT (pyHKii,Hio g E Ff , o/nraKO oh coBna/i,aeT c TOJK,fl,ecTBeHHbiM b 

OKpeCTHOCTHX BCeX KpHTHHeCKHX TOHeK X\, . . . , X p+q+r KpOMe flfiyX CeflJIOBblX TOHeK Xi H X j , B KOTOpblX 

dh(xi) = —id h dh(xj) = —id . TaKoft ,jn«p(peoMop(pH3M cyni,ecTByeT ,h,jih jho6oh noBepxHOCTH M 7^ S 2 , 
a npn M = S 2 - HeT. Oh He HBjiaeTca a6cojnoTHO flonycTHMMM fljia / , corjiacHO TeopeMe 2(B) hhjkc 





g-Hb) 



. b 



hij 



Phc. 1. ,I[onycTHMbiH, ho He a6cojiK)THO flonycTHMBiit flH<J>4>eoMop4)H3M hij 



Tpynna Jiff ,a,onycTHMbix /i,H(p(peoMop(pH3MOB nopo»cfleHa flH(p(peoMop(pH3MaMH H3 npHMepoB (A,B). 



TeopeMa 2 ( 3tf f hs -HHBapnaHT 5 abs Ha npocTpaHCTBe $>). Tlycmb q>l u f € F . HMeemcn ciopneK- 
yun 5 abs : ffy — > Tl3^ , ozpaHuuenue Komopoii na ak>6ou cmcmchuu kaclcc Jjf? bs h , h € @ , nocmosinno. 
Tlodzpynnu Jf?^ s u Jiff neARwmcfi HopMCUiwuMU e SHj , u eunoAuenu cAedyrou^ue ycAoeun: 

(A) OzpaHuuenue 5 abs |#: H — > Z^ _ na AK>6yK> U3 mpex nodzpynn H € {3>f,Jtf, 3>f l~l J(f} hbah- 
emcH 3nuMopcf)U3MOM, npu H = Jcf ne 3aeucum om f , u Jrf^ hs C ker(i?^ bs |^ ) . B\pu q > 2 3ah ak>6ou 
napu cedAoeux KpumunecKux moueK CKpyuueanue fl^ana eonpyz zpanuyu neKomopozo ducxa (saeucmi^ezo 
om f ), codepMcavnezo arnu dee itiohku u ne codepoicauyezo dpyzux KpumunecKUX moueK, npunadAeotcum 
$)f \ J^. (m.e. coxpaHnem KOMnonenmy Ff gjyHKV,uu f e F , ho ne neAnemcn a6coAwmHO dony- 
cmuMUM du(p*(p*eoMop(p*u3MOM 3ah f ). B Hacmnocmu, ozpaHuuenue 5 a \g f undyyupyem 9nuMopg3u3M 
%/J^ abs -> Z q f l , u noamoMy J?f° s C % npu q > 2 . Ecau M = S 2 u q > 2 , mo JT f abs = Jiff C % . 

(B) Ecau M ^ S 2 , mo ozpanuuenue Bf\jg>: Jiff — > J^ neAnemcn 9nuMopg)U3MOM, undyyupy- 
muiAiM 9nuMop(p*u3M Jiff/Jif? be — > 7*2~ , npuneM Jif? bs C JVf C S>f u donycmuMuu 3ah gjynKyuu f 
ducf)(f)eoMopg3u3M, noKa3(mnuu na puc. 1 , ne HeAHemca, a6coAtomno donycmuMUM 3ah f . 

Ecjih y cpyHKii,HH /i € Ff pobho q > 1 ce^jioBbix KpnTHnecKHX 3HaHeHHH, to Ha M HMeroTCH q+g—1 
OKpyjKHOCTeii, hbjihioiii,hxch KOMnoHeHTaMH jihhhh ypoBHH cpyHKHHH /i , h TaKHX hto no^rpynna rpynnbi 

J^r abs /^° , nopOJKfleHHaH CKpyHHBaHHHMH ^],3Ha BOKpyr 3THX OKpyjKHOCTeft, H30M0p(pHa Z 9+9_1 . 

Cjie^CTBHe. (A) Bycm'b M = S 2 . Ecau KOAunecmeo cedeA q > 2 , mo UMeemcn yenouna uemupex 
zpynn 2t° C M 1 ? = J€f C Q)f C Si , e Komopoii ece MHowcecmea cmcokhux kaclccob SecKoneuHU u 

donycKamm MonoMopg3u3M Z q ^ 1 >-> ^ abs /^° u 9nuMop$U3MU S>f/J^f -> Z^ 1 , S/{{Sf}} -> Z p+r ^ 1 . 
Ecau q = 1 , mo UMewmcn dee zpynnu 0° = J^f? = J%f = &>f Cf c 6ecKOHeunou gMKmopzpynnou 
S> /&>° = vri(S' 2 \ {x2, xs, x^}, xi) = F2 , zde F2 - ceo6odnaA zpynna panza 2 . 

(B) Ecau M ^ S 2 , mo UMeemcn yenouKa nsimu zpynn 0° C J^. abs C Jiff c 2>f C ^ , e Komopoii ece 
MHOwcecmea CMeotcnux KAaccoe (3a ucKAWuenueM, 6umt> Mootcem, Sf /Jiff ) 6ecKoneHHU u donycnatom 
MonoMopgjusM Zi+9- 1 >-» JT f ahs / S° , anuMopgjusM JT f /jr f ahs -> % q 2 x u cwpvenyum S/Sf -> Z* ,+r - 1 . 

,ZJoKa3aTejibCTBO TeopeM 1 h 2. LQar 1. B ,n;aHHOM /],OKa3aTejibCTBe no^ Kpueoil noHHMaeTca rjia^Koe 
KOMnaKTHoe (He o6a3aTejibHO CBH3Hoe) opneHTHpoBaHHoe 1-MepHoe no/i,MHoroo6pa3He a C M , Kpaii 
KOToporo ecTb nepeceneHHe MHOJKecTBa a c mho-jkbctbom KpHTHHecKHX ToneK xi, . . . ,x p + q + r . ETycTb 

7*: [0,1] ->Af, l<»<p + g + r-l, (1) 

- KpHBaH H3 TOHKH 7i(0) = X p +g+ r B TOHKy 7j(l) = Xj . OnKCHpyeM Ha M pHMaHOBy MeTpHKy. 

Onpe^ejieHHe 2. fljia jno6oii TaKoft kphboh 7: [0,1] — > M h jik>6oh cpyHKii;HH f £ F o6o3HanHM 
nepe3 Wf("f) Beni,ecTBeHHoe hhcjio, paBHoe "nojiHOMy KOjiHHecTBy o6opotob" KacaTejibHoro BeKTopa -^(t) 
BOKpyr Hyjia no OTHOHieHHK) k opToroHajibHOMy penepy b T„u\M , coflepjKan;eMy BeKTop grad/(7(i)) , 
< t < 1 . fifls. HecBH3Hoft KpHBoii 7 C M onpe/i,ejiHM Wf(^f) paBHbiM cyMMe nnceji, OTBenaioHi,HX 
ee KOMnoHeHTaM. Ha30BeM Wf(j) hucaom epau^enufi Kpueoil 7 no omHomenum k gjyHKyuu f . Oho 
coBna^aeT c hucaom epau^enun Kpueoil 7 no omnomenuw k eeKmopnoMy noAKi grad/ (cm. [1, §2], [19, 
onpeflejieHHH (1.1)] hjih [3, §3.2]). ^jih 3aMKHyToft kphboh 7 hhcjio Wf(y) uejioe h He MeHaeTca npn 
flecpopiviaHHHX (pyHKH,HH / G F (cm. [1, §2], [19, jieMMbi (5.1) h (5.2)], [3, §3.1, yTBepjKfleHHe 5[). 

AHajiorHHHO [1, §2], onpe^ejiHM pa3AUHaH>ui,ee hucao KpHBoii 7 no OTHomeHHio k cpyHKii,HHM f,fh: 

d h Wf('y) := Wf(hj) - 10/(7) = w fh{l) ~ Wfil) = (wfh ~ Wf) (7), he $>. 
OTMeTHM HeKOTopbie CBOHCTBa nnceji 10/(7) H dh w f{l) ■ A^ 51 Jik>6oh napbi /ii,/i2 € @ BbinojiHeHO 

dhihtWfb/) = dhiWfiri) + dh 2 w fhl (7), (2) 



nocKojibKy d hlh2 w f (j) = (w fhlh2 - w f )(j) = (w fhlh2 - w fhl + w fhl - to/) (7) = (d h , 2 w fhl + d hl Wf)(j) . 
Ecjih Si - MajieHbKaa OKpysmocTb BOKpyr tohkh Xi , opneHTHpoBaHHaH "npoTHB HacoBoft cTpejnai", to 

Wf(si) = 1 -md Xi (gr ad f), l<i<p + q + r. (3) 

TaKHM o6pa30M, Wf(si) Bcer,a,a hctho, TaK KaK Wf(si) = pjw tohck Xj jioKajibHbix MHHHMyMOB h 
MaKCHMyMOB (q<i<p + q + r)a Wf(si) = 2 fljra cefljioBbix tohck X{ ( 1 < i < q ). Bojiee 06111,0, fljra 
jik)6oh (He o6a3aTejibHO cbh3hoh) pa36HBaK>meH kphboh a = <9iV , iyje N G M , BbinojiHeHO 

u;/(aJV) = X (N) - Y, md^(grad/), (4) 

Xi£N 

rfle KpHBaa <9iV opiieHTiipoBaHa Tax, hto iV "HaxoflHTCH cjieBa" (sto bubo/hitch H3 (3) npiiKjieiiBaHiieM 
flHCKOB k KOMnoHeHTaM dN h npoflOJiJKeHHeM BeKTopHoro nojia grad / BHyTpb Ka»c/i,oro ,n,HCKa c o,h,hoh 
oco6ofi tohkoh, cm. [19, jieMMa (5.7)]). Jlflu jik>6oh kphboh 7 h jho6oh cbh3hoh 3aMKHyToii kphboh a 

d t kWf(~f) = k(a,j)wf(a), fc£Z, (5) 

rfle (a, 7) - HH^eKC nepeceneHHH kphbbix a h 7 , t a - CKpyHHBaHHe ,H,3Ha BOKpyr a . 

CorjiacHO (3), (5) h nocTpoeHHio (1) KpHBbix 7, , pjw jno6oro j G [l,p + q + r — 1] BbinojiHeHO 

dt Sj ™/(7z) = 2 4,-, 1 < i < q; d ts . 10/(7*) = 0, q<i<p + q + r-l. (6) 

^jia jno6oro h G f^ Bbi6epeM ,a,HcpcpeoMopcpH3M ft, G /i£^° , orpaHHHeHHe KOToporo Ha Majiyio OKpecTHOCTb 
U MHOJKecTBa ToneK xi, . . . , Xp+q+ r coBna,n,aeT c \&m . 51cho, hto hhcjio chwf(ji) uejioe h coxpaHHeTCH 
npn ,n;e(popMaHHHX (pyHKHHH / b F . IlpH 3tom, b CHjiy (2) h (6), 3HaneHHH drWf{~f) mod 2 G Z2 , 

1 < i < q , h drWfipf) G Z , g<i<p + g + r— l,He 3aBHCHT ot Bbi6opa ,a,HcpcpeoMopcpH3Ma /i . /Jjih 
jno6bix cpyHKH,HH / G F h Ha6opa KpHBbix (1) onpe^ejiHM OTo6pa>KeHHH B/ h I?5 bs cpopMyjiaMH 

Bf s : -> Zf 1 , Bf s (/i) := (^(71) mod 2, ... , ^,(7,-1) mod 2); 

Bf. ®^l?+ r -\ B f (h) := (^ / (7, + i),...,^/(7 P+9+ r-i)). 
B CHjiy (2), fljia jno6bix hi,h,2 G ^ BbinojiHeHbi paBeHCTBa 

B/fai/te) = BfihJ + BfhM, Bf s (hh 2 ) = Bpih^ + Bf^). (7) 

nosTOMy /i,jih jiK>6bix /ii G i^/ h /i2 G ^ BbinojiHeHbi (b CHjiy Bffn = Bf m B 1 ^ 5 = B^ ) paBeHCTBa 

B f QiM = B f (hi) + B f (h 2 ), Bf s (h 1 h 2 ) = Bf s (h!) + Bf s (h 2 ). (8) 

fflar 2. ,U,oKajKeM paBeHCTBo Bf{3Hfh2) = Bf{h 2 ) flJia jno6oro h 2 G ^ . CHanajia /i,OKaxceM paBeHCTBo 
Bf(@f) = . ^jih jiio6oro h € 3?f paccMOTpHM hhcjio d^w f (ji) = w.jj^i) — Wf("a) , g<i<p + (7 + r. 

ElyCTb U' G U - MajiaH OKpeCTHOCTb MHOJKeCTBa {Xq+l, . . . ,X p + q + r } TOHeK JIOKajIbHblX MHHHMyMOB 

h MaKCHMyMOB. Tor^a jho6oh nyTb ft b F co cbohctbom /o|c/ = /i|c/ roMoroneH b Kjiacce nyTeii c 
cpHKcnpoBaHHbiMH KOHH,aMH b npocTpaHCTBe F TaKOMy nyTH ft , hto ft\u' = fo\u' n P H Jho6om t G [0, 1] . 
H3 h G 3)f HMeeM fh G Ff , no3TOMy cymecTByeT nyTb ft b F , TaKoit hto /o = / , /1 = fh h 
/tie/' = f\u' n P H Jiio6om t G [0,1] . Pa3HOCTb Wf t (ji) — Wfipfi) uejiaa npn jho6om t (TaK KaK kohhm 

KpHBOH 7j COflepjKaTCH B [/' ) , a 3HaHHT, nOCTOHHHa H paBHa W/r{^i) — Wfipfi) = Wf {^fi) — Wf(ji) = . 

EIosTOMy Bf(h) = h Bf($}f) = . C yneTOM (8), bto ^aeT Bf(S>fh 2 ) = Bf(3>f) + B f (h 2 ) = B f (h 2 ) . 
,U,OKajKeM paBeHCTBo B s , -(J^fl h 2 ) = Bf(h 2 ) pjin jno6oro /n«p(peoMop(pH3Ma h 2 G & . 3aMeTHM, 
hto Wf{a) = fljia jik>6oh flonycTHMoii kphboh a pjw f (cm. onpe^ejieHHe 1). B cnjiy (5), sto p^i 



, OTKyzja B^ hs (ta) 
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i?^ bs (/i2) , OTKyzja HH/ryKniien nanynaeM B 



. C yneTOM (8) , rjik jiio6oro 

abs (^ abs /i 2 ) = Bf s {h 2 ) . 



f 
LUar 3. JlpKajKeM, hto OTo6pa)KeHHn i?^ bs |^ , B^ bs \x n Bj\x hbjihiotch roMOMopcpH3MaMH, npnneM 



paBeHCTBO d t kWf(^i) = npn 1 < i < p + g + r , /c € 
h 2 £ 3> BbinojiHeHo i?j bs (t^/i 2 ) 

jabs I nabs 

if 1% , #/ 

BTOpOH H TpeTHH He 3aBHCHT OT (pyHKHHH / G -F . IlepBOe OTo6pa»CeHHe HBJIfleTCH rOMOMOp(pH3MOM B CHJiy 

(8). B cnjiy (4), fljia jik>6oh cbh3hoh pa36nBaioineH KpnBoii a = dN hhcjio Wf(a) He 3aBHCHT ot / . C 
yneTOM (5), ^jih jno6oro k G Z hhcjio d t kWf{^) = k(a,j)wf(a) Toace He 3aBHCHT ot / . IIosTOMy Bf(t^) 
He 3aBHCHT ot / . OTcro^a h H3 (7) nonynaeM, hto Bf{h\t^) = Bf(hi) + Bff ll (t^) = Bf(hi) + Bf(t^) fljra 
jno6oro h± G S> ■ IIosTOMy B$\x - roMOMopcpH3M h He 3aBHCHT ot / ; aHajiornnHoe BepHO pjw B 8 ? as \x . 
LUar 4. IloKajKeM, hto roMOMopcpH3Mbi B a r as \$ n j^ h Bf\x hbjihk»tch 3nnMop(pH3MaMH. 3to CJie^yeT 
H3 cne^yioinero cpaKra. fljra jno6bix cpyHKHnn / G F h nncjia i ^ q , 1 < i < p+q+r (TOHHee, i < q j\jm 
B 3 f OS \yifr\.%' h i > g pjin Bf\x ) mojkho nocTpoHTb 3aMKHyTyio KpnByio S{ q = S{#s q C M , HBjraioiiryiocH 

"cBH3HOH CyMMOft" MajieHbKHX OKpyjKHOCTeH Sj H Sg BOKpyr KpHTHHeCKHX TOHeK Xj H Xg H TaKyiO, HTO 

CKpyHHBaHHe ,U,3Ha t Si BOKpyr KpnBon Siq o6jia,n,aeT cjie/ryioinHMH CBoncTBaMn: 



1 . t Si G J£^ , a b cjiynae 1 < i < q BbinojmeHO t s . € £F/ 



(T.e. (pyHKUHH ft Si npHHa/l,Jie»CHT 



KOMnoHeHTe cbh3hocth Ff cpyHKnnn / b npocTpaHCTBe F ) ; 

2. b cjrynae 1 < i < q sjieMenr S abs (t s . ) coBna,a,aeT c z-mm ajieMeHTOM KaHOHnnecKoro 6a3Hca 
rpynnbi Z^ _ , a b cjiynae q < i < p + q + r sjieMeHT Bf (t Si ) coBna^aeT c (i — q) -mm ajieMeHTOM 
KaHOHHHecKoro 6a3Hca rpynnbi Z p+r_1 (nosTOMy B^ hs (^f n J£T) = Z^ n Bf(Jf) = Z p+r_1 ). 

IlepBaH nacTb nyHKTa 1 cjie,nyeT H3 onpe^ejieHHH rpynnbi Jif (TaK KaK Sj g - CBH3HaH pa36nBaiom,aa 
KpnBaa) . IlyHKT 2 cjie,nyeT H3 (5) n (4) , Tax KaK (,n;jia jno6oro j ^ q , l<j<p + q + r) dt s . Wfi^fj) = 
(siq, lj)wf(s iq ) paBHO (s iq , jj) ■ 3 = 3<5jj npn 1 < i < q n paBHO (s iq , 7j) ■ 1 = <% npn g<i<p + g + r. 
3aMeHHH OKpyjKHOCTb Si q Ha rpaHHii,y flHCKa D (Z M , co,a,ep}Kainero k ce^jioBbix n £ $. {0,k + l,p + r} 
MHHHMaKCHbix KpHTHnecKHX ToneK, a KpHByio jj Ha jno6yio KpnByio 7 , Beflymyio H3 tohkh MHHHMaKca 
CHapyjKH D b TOHKy MHHHMaKca b D , H3 (5) h (4) aHajioranHO nojiynaeM dt aD Wf{^) = {dD,^/)wf(dD) = 
1 ■ (1 + k — £) ^ , oTKya,a tg^) ^j (TaK KaK drWf{^f) = fljia jno6oro h G i^j , cm. mar 2). 




'V~-> 




^v~-> 




i 



•f^^v 




4^^v 




Phc. 2. PeajiH3au;Ha fleitcTBHa Ha / CKpyHHBaHHa BOKpyr flByx ce^eji roMOTonHeii b F . 



OcTajiocb /i,OKa3aTb BTopyio nacTb nyHKTa 1. Mm nocTponM Tpe6yeMyio KpnByio Si q , 1 < i < q . Be3 
orpaHHneHHn o6mHOCTH cnnTaeM, hto ce^jioBbie 3HaneHnn f(xi),f(x q ) npeBocxo/i,HT ocTajibHbie cefljio- 
Bbie 3HaHeHH5i f(xj) , 1 < j < q — 1 , j ^ i , h cymecTByeT TOHKa x^ jioKajibHoro MaKCHMyMa, b KOTopyio 
Bxo/i;aT cenapaTpncbi a n f3 nojia grad / , Bbixo^Hinne H3 ToneK Xi n x q cooTBeTCTBeHHO. IlycTb D - 



MajieHbKHH Kpyr BOKpyr x^ . PaccMOTpHM KpnByio a • /? _1 h 3aMeHHM ee nacTb (a ■ /5 _1 ) Pi D flyroii 
OKpyjKHOCTH dD , He nepeceKaioineii jjBe jjpyrne cenapaTpncbi, BbixojJHinne H3 ToneK Xi n x q (cymecTBO- 
BaHHe TaKoit ,ayrH He orpaHnnnBaeT o6ihhocth). PaccMOTpHM cBH3Hyio cyMMy Si q = Si#s q oKpyjKHocTeii 

Si H S q no OTHOHieHHK) K HaCTH nOJiyneHHOH KpHBOH MeJKfly TOHKaMH nepeCeneHHS C OKpyjKHOCTHMH Si 

h s q . IIoKajKeM, hto cymecTByeT nyTb H3 c^yHKnnn / b cpyHKHino ft Si b npocTpaHCTBe F cpyHKHHH 
Mopca. 3tot nyTb cxeMaTnnecKH H3o6pa»ceH Ha pnc. 2. TeopeMa 1 flOKa3aHa. 

LQar 5. rioKa»ceM, hto nojjrpynnbi Jfff n Jif? HopMajibHbi b @f . Ecjih hi G &f (T.e. fh\ G Ff) h 
jjncpcpeoMopcpH3M d G *2> coxpaHneT cpyHKinno fh\ (T.e. fh\d = fh\ ), to jj,jih jno6oro /t € ^/ Bbinojme- 
HO (fhih~ 1 )(hdh~ 1 ) = fhih^ 1 , T.e. jj,HcpcpeoMopcpH3M hdh^ 1 coxpaHHeT cpyHKHino fh\h~ l G i*j . TaK 
KaK rpynna J£j nopojKixeHa ^° n BceMH TaKHMH d (hjih BceMH TaKHMH hdh^ 1 ), to hJtffh^ 1 = J4?f . 
AHajiornnHO ,a,OKa3biBaeTCH paBeHCTBO /iJ^^/i" 1 = J^- abs (flJin 9Toro b KanecTBe d paccMaTpnBaioTCH 
jinnib CKpynnBaHHH ^SHa). TaK KaK h G £s?j jho6oh, to nojjrpynnbi J£j n Jt?? HopMajibHbi b &>f . 

Ular 6. IlycTb M ^ S 2 . IIoKajKeM, hto B^ (J$?f) = Zg ■ PaccMOTpHM jjpnycTHMbiii, ho He a6- 
cojih3tho flonycTHMbiii jj,jih / flncp(peoMop(pH3M hi q G .Jiff \ J?? bs C Qlf , noKa3aHHbiii Ha pnc. 1, npn 
1 < % < q . JlerKO npoBepneTCH, hto B^ hs (hi q ) HBjiaeTCH z-bim aneMeHTOM CTaHjj;apTHoro 6a3Hca rpynnbi 
Z^ . IlocKOJiBKy i jno6oe n B^ hs \^, - roMOMopcpH3M, to -B abs (J£/) = 715^ . TeopeMa 2 jj,OKa3aHa. D 

4. 3KBHBajieHTHOCTb H IIOCJIOHHaH 3KBHBajieHTHOCTb CpyHKLJHH Mopca. B CJie^CTBHH onn- 

caHO, KaKne H3 cocejjHnx rpynn uenonKH 3>° C J^ abs C J£/ C Qf C Q coBna,a,aioT, KpoMe cjiynaa 
J£/ C *3 'f npn M ^ S 2 . Hauia flajibHeHinas n,ejib - onncaTb KOHenHbie MHOJKecTBa nopoiKiiaioinHX 
ajieMeHTOB cpaKToprpynn 3>f/J$?f n Stf/2? b reoMeTpnnecKnx TepMHHax. 

Onpe^ejieHHe 3. <pyHKii,HH Mopca f,g G F Ha30BeM nodo6nuMU, ecjin ohh onpe/i,ejiHioT o/;ho h to »ce 
pa36neHne noBepxHocTH M Ha CBH3Hbie KOMnoHeHTbi jihhhh ypoBHH / -1 (a) n g~ l {b) , a TaK»ce o^hh h 
tot JKe nacTHnHbiii nopn/i,OK Ha MHOJKecTBe cefljioBbix KpHTnnecKnx ToneK x±, . . . , x q corjiacHO 3HaneHHSM 
cpyHKU,nn b 3thx TOHKax; o6o3HaHHM 3to cjie/i,yiom,HM o6pa30M: / ~ g . Ecjih / ~ gh fljin HeKOToporo 
,zn«p(peoMop(pH3Ma h G & (cooTBeTCTBeHHO h G St° ) , to (pyHKinni /, g Ha30BeM SKeueaAenmHUMU 
(cooTBeTCTBeHHO u3omoriHUMu) ; o6o3HanHM 3to nepe3 / ~ g (cooTBeTCTBeHHO / ~isot 9 ) • Kjiaccbi 

SKBHBajieHTHOCTH H H30TOnHOCTH (pyHKUHH / o6o3HaHHM Hepe3 [/] H [/]i so t COOTBeTCTBeHHO. 

Ecjih b onpejrejieHHH 3 He HajiaraTb ycjiOBHe o nacTHHHOM nopaflKe Ha MHOJKecTBe ce^jioBbix ToneK, 
nojiynaTCH onpe,n;ejieHHH uocjiouhou nodo6Hocmu, uocjiouhou 9K6ueaAeHmHocmu n hocaouhou u3omon- 
Hocmu. OoMeHKO n Bojichhob bbcjih KOM6HHaTopHbie noHHTHH amoMa h MOAeKyAU n flOKa3ajin, hto 
Kjiaccbi nocAoiiHou 9KeueaAeHmHocmu cpyHKHHli Mopca Ha 3aMKHyTon noBepxHocTH HaxoflHTcn bo B3anM- 
ho 0JXH03HanH0M cooTBeTCTBHH c MOJieKyjiaMH TaKHX 4)yHKii,HH [11, Tji. 2, §§3-8, TeopeMa 8]. AHajiornnHO 
bbojj;htch noHHTHH HijMepoeaHHOzo amoMa, HyjviepoeaHHOu moacki/au (c noMombio HyMepai^HH BepniHH 
aTOMOB corjiacHO HyMepan,HH KpnTHnecKHX ToneK x±, . . . , x p+q+r ) n ocnamfinnou MOAenyAU (c noMombio 
HacTHHHoro nopn^Ka H3 onpe^ejieHHH 3) n jj;oKa3biBaeTcn cjiejj,yK)m,nn aHajior pe3yjibTaTa H3 [11]. 

yTBepxc^eHHe. Kaclccu dKeueaAeHmHOcmu (pyHKi^uu Mopca f G F = F Pt g tr c diuKcupoeaHHUMU Kpu- 
muHecKUMU mouKaMU na 3aMKHymou opuenmupyeMOU noeepxHocmu Haxodsimcsi eo e3auMH0 odH03Hau- 
hom coomeemcmeuu c ocnavneHHUMU nyMepoeaHHUMU MOAeKyAaMU maKux diyHKi^uu. B uacmHOcmu, 
UMeemcn Aumb KoueuHoe hucao KAaccoe aKeueaAenmHocmu cfjyHKi^uu Mopca f G F = F Pt(itr . 

5. IIojiH3/i,pajibHbie KOMnjieKCbi tpyHKu,HH Mopca h hx pa3BeTBJieHHbie HaKpbiTHH. 

Onpe^ejieHHe 4. (A) KjieTOHHbin KOMnjieKC X Ha30BeM (Kycouno eeKAudoeuM,) noAuadpaAbHUM komh- 
ackcom [20], ecjin Ka»c/i,aH ero 3aMKHyTaa KjieTKa a CHa6»ceHa MeTpHKoii, corjiacoBaHHoii c HHjj;yii;HpoBaH- 
Hoii TonojiorneH Ha a , n H30MeTpHHHa HeKOTopoMy BbinyKjioMy MHororpaHHHKy P a , npnneM H30MeTpHH 
a — > P a H30MeTpnnHO nepeBO^HT Bee 3aMKHyTbie KjieTKH f C da b rpaHH MHororpaHHHKa P a . 



(B) OTo6pa»ceHHe r: K — >■ K nojiH3flpajibHbix KOMnjieKCOB Ha30BeM npaeuAbHUM, ecjin ero orpaHH- 
neHHe Ha jiio6yio KjieTKy a KOMnjieKca K a bjih eTca H30MeTpHeii Ha HeKOTopyio KjieTKy a KOMnjieKca K . 
KjieTKy a Ha30BeM nodnsimueM kjictkh a npn r . B nacTHOCTH, r HBjineTca KiieTOHHbiM OTo6pa»ceHHeM. 
E[paBHjibHBie 6HeKHHH K -> K Ha30BeM aemoMop(fiu3MaMU nojiHSixpajibHoro KOMnjieKca K . 

(B) IlycTB a, t C X - jx&& HenepeceKaioiHHXCH nojxMHO»cecTBa TonojiorHHecKoro npocTpaHCTBa X 
(HanpHMep, ppe oTKpBiTBie kjictkh KjieTOHHoro KOMnjieKca). ByaeM roBopHTb, hto a npuMunaem k t h 
nncaTb r -< a (h f -< a), ecjin r C da := a \ a . nnuieM t < a , ecjin t < a hjih r = a . 

Onpe^ejieHHe 5. OTo6pa*:eHHe r: K ^ K nojiHBjjpajibHbix KOMnjieKCOB Ha30BeM paseemeJieHHUM 
HdKpumueM, ecjin oho npaBHjibHoe (cm. onpe^ejieHHe 4(B)) h jijih jho6oh kjictkh t <Z K jno6a$i KjieTKa 
a d K , npHMbiKaioHi,aH k KjieTKe r := t"(t) (cm. onpe/oejieHHe 4(B)), HMeeT no/nuiTHe a C K (cm. 
onpeflejieHHe 4(B)), npHMbiKaromee k KjieTKe r . 

TeopeMa 3. IJycmb KOAunecmeo cedjioeux KpumuuecKUX moueK q > 1 . Cym^ecmeymm (q — 1) -Mepnuu 
eunyKJiuu MHOzozpannuK V q ~ l u (q — 1) -Mepuue noAuadpajibHue komuackcu K = K p ^ q;r u K = K p „ r 
(3aeucHW,ue om hucca p, r, q KpumunecKUX moueK AOKOAbHux MUHUMyMoe, MaKCUMyMoe u cedAoeux 
moueK), accov,uupoeaHHue c npocmpaHcmeoM F = F Py(}yr gjyHKi^uu Mopca, u pa3eemeAeHHue HanpumuH 
K — > K — > pi^ 1 7 maKue umo komuackc K Koneuen u ceA3en, u eunoAnenu CAedymiuxie ycAoeun: 

(A) Plpocmpancmeo F zojviomonuuecKU SKeueaAenmno noAusdpaAbHOMy KOMtiAeKcy K . 

(B) KAemKU KOMnAeKca K (coomeemcmeeHHO K ) naxodnmcn eo 63clumho odno3nauHOM coomeem- 
cmeuu c KAaccaMU u3omonHOcmu [/]i so t (coomeemcmeeHHO KAaccaMU 9KeueaAenmnocmu [f] ) gjyHKV,uu 
Mopca f G F . Pa3MepHocmb ak>6ou KAemKU paena q — s(f) , zde s(f) paeno KOAUuecmey cedAoeux 
KpumuuecKUX 3Hauenuu gjyHKi^uu f G F , omeeuamu^eu dauHou KAemne. flee KAemKU r, a KOMnAeKca 
K (coomeemcmeeHHO K ) npuMunatom dpyz k dpyzy: r -< a mozda u moAbKO mozda, Kozda coomeem- 
cmeywuixie um kaciccu (fiyHKi^uu Mopca [/]i so t ^ °" , [ffhsot ^ t npuMUKatom dpyz k dpyzy Ka% nodMHO- 
otcecmea F e C°° -monoAOznu: [/]i so t ~^ blisot (coomeemcmeeHHO [f] -< [g] , zde [/]•<-)■ a u [g] f>rj, 

(B) HMeemcn npaeoe deucmeue zpynnu Q /& na KOMUAence K aemoMop(fiu3MaMU noAuadpaAb- 
hozo KOMnAeKca, cozAacoeaHHoe c ecmecmeeHHUM npaeujvi deilcmeueM zpynnu 2? na npocmpancmee F . 
Pa3eemeAeHHoe nanpumue r: K — > K neAnemcn *2) /2? -UHeapuanmnuM u nepeeodum dpyz e dpyza 
KAemKU a — > a , omeeuatoinue KAaccaM [/]i so t C [/] odnou u moil wee gjyHKyuu Mopca f G F . 

E[yHKT (A) TeopeMbi 3 h yTBepjK^eHHe o tom, hto ro - pa3BeTBjieHHoe HaKpbiTHe, He 6ypyT Hcnojib- 
30BaHbi b HacTOHmeii pa6oTe; hx jj;oKa3aTejibCTBo 6y r a,eT ja;aHo b cjiejayionnix ny6jmKaHHHx Ha ochobc [16]. 
/^OKa3aTejii>CTBO nyHKTOB (B,B) TeopeMbi 3. Ular 1. OmiuieM nocTpoeHHe BbinyKjioro MHororpaH- 
HHKa V 1 ^ 1 . ETycTb V q ~ l c M. q - BbinyKjiaa o6ojiOHKa MHOJKecTBa tohck P n := Ylt=i ( ^ — ^~Y~ ) e?r fe ' 
7r G T, q , rjj;e e\,...,e„ - cTaHflapTHbiii 6a3Hc W 1 . H3bcctho [21], hto V q ~ l - bto (q — 1) -MepHbift BbinyK- 
jibiii MHororpaHHHK b cbkjih/i,obom npocTpaHCTBe K q ~ 1 := (e± + . . . + e q ) , HMeioirnni poBHO q\ BepimiH 

P n , 7T G T, q , npHHeM ero (q — s) -MepHbie rpaHH HaXOflHTCH BO B3aHMHO OflH03HaHHOM COOTBeTCTBHH c 

ynopaflOHeHKbiMH pa36HeHHHMH J = (Ji, . . . ,J S ) MHOJKecTBa {l,...,g} Ha s HenycTbix no/;MHO»cecTB 
J\, . . . , J s (r.e. {1, . . . ,q} = J\ U . . . U J s ), 1 < s < q . A HMemio, rpaHb Tj~ s C V 1 ^ 1 , oTBeHaiomaH 
pa36HeHHio J, - 3to BbinyKjiaa o6ojioHKa MHOJKecTBa tohck (E ri x S r2 _ ri x . . . x S rs _ rs _ 1 )(P 7r ) , r,a,e 
HHCjia = ro < r\ < . . . < r s _i < r s = q a nepecTaHOBKa ir G T, q 0flH03HaHH0 onpe^ejiHioTCJi ycjioBHHMH 

J = (Jl,... , J s ), J\ = {VTI,... ,7T ri }, J 2 = {7T ri + i,. . . ,7T r2 }, ..., J s = {vT rs _ 1 + i , . . . , 7T rs }, (9) 

7Tl < ... < 7T ri , 7T ri + l < ... < 7T r2 , . . . ,7T rs _ 1 + l < ... < 7T rs . 3fleCb E ri X S r2 _ ri X ... X S rs _ rs _ 1 - 

no/i,rpynna rpynnbi T, q , OTBenaiomaH pa36neHHio {1, . . . , q} = {1, . . . , r±} U {n + 1, . . . , r2J U . . . U {r s _i + 
1, . . . , r s } , h fleiicTBHe nepecTaHOBKH p G T, q Ha TOHKe P^ jo,aeT TOHKy P pn , r,a,e (pn)i := ix Pi , 1 < % < q . 
Ecjih pa36neHHe J nojiynaeTCH H3 pa36neHHH J = (J±, . . . , J s ) nyTeM H3MejibneHHH (t.c pa36neHHJi 
HeKOTopbix MHO»cecTB Jfc Ha HecKOjibKO no^MHOJKecTB) , 6yp,eM nncaTb J -< J . H3 onncaHKH rpaHeii 
MHororpaHHHKa pi" 1 cjie,a;yeT, hto ycjiOBHe J -< J paBHOCHjibHO tj -< tj (cm. onpe,a,ejieHHe 4(B)). 



HIar 2. ^jih KajKnpn cpyHKiniH Mopca / G F paccMOTpHM Ha6op c = c(f) = (ci, . . . ,c q ) G M q ee 
cefljioBbix KpHTHHecKHX 3HaneHHH Cj := f{xi) , 1 < i < q . ConocTaBHM Ha6opy c = (c±, . . . , c q ) hhcjio 
s(c) : = |{ci, . . . , c g }| pa3jiHHHbix cennoBbix 3HaHeHnii h ynopHnpneHHoe pa36neHHe J{c) = (J±, . . . , J s ) 
MHO»cecTBa {1, . . . , q\ , onpenejineMoe CBoftcTBaMH (9) h c wi = . . . = c- Kr < c 7Tr +1 = . . . = c nr < . . . < 
c 7Tr +1 = . . . = c 7Trs . ConocTaBHM pa36neHHio J{c) h Kjiaccy BKBHBajieHTHOCTH [/] rpaHb Tjt 5 \ C V 1 ^ 1 . 

Illar 3. IloKajKeM, hto j\jik jiio6oh cpyHKHHH / G F HMeeTCH 6HeKHHH S[f] ueyKpj MHOHtecTBOM 
Bcex rpaHeii r' -< r := Tj(g(/)) H MHoncecTBOM Bcex KjiaccoB 3KBHBajieHTHOCTH [g] >~ [f] (cm. onpene- 
jieHHe 4(B)), TaKan hto 5[f] : t' >—> [g] = : 5 T >[f] npn r' = Tj(c(g)) ■ 3 TO cjiejiyeT H3 cjiejjyioiHHX ^Byx 
cbohctb: 

1) fljia jiio6oro c G 1R 9 cymecTByeT £o > , TaKoe hto (i) jj,jih jiio6oro c' € M* 7 co cbohctbom 
\c' — c\ < £o BbinojiHeHO J(c') ^ J(c) , h (ii) jijih jiio6bix e G (0, £o] h pa36neHHH J ^ J(c) cymecTByeT 

c' G M* 7 CO CBOHCTBaMH \c' — c\ < £q H J(c') = J J 

2) corjiacHO [12, yTBepntneHHe 1.1 h §3], jno6aH cpyHKnnn f € F HMeeT OKpecTHOCTb U b F , Taityio 
hto fljia jiio6bix (7,51 G J7 paBe-HCTBa [5] = [51] h J(c(g)) = J{c{g\)) paBHOCHjibHbi. 

H3 3thx cbohctb nojiynaeM, hto H3 [h] >- [g] >~ [f] cjiejiyeT [h] >- [f] . IlcoTOMy 

$T"[f] = S T "S T i[f] /;jih jiK>6bix rpaHeii r" -< r' -< Tj(c(f))- (10) 

Illar 4. OimmeM nocTpoeHHe nojiHBjxpajibHoro KOMnjieKca K , yzjoBjieTBopaioinero ycjioBHHM nyHKTa 
(B), BMecTe c npaBHjibHbiM OTo6pa»ceHneM r$ : K — >■ V 1 ^ 1 . PaccMOTpHM MCTpHHecKoe npocTpaHCTBO 
X := j| v\n , r/i,e urji aBjiaeTCH BbinyKjibiM MHororpaHHHKOM, H30MeTpHHHbiM rpaHH Tj/^r/)) C 

[/]6F/~ 

7?9 _1 . OnKcnpyeM OTo6pajKeHHe ir: X — > V q ^ 1 , orpaHHHeHHe KOToporo Ha KaJKflbifl MHororpaHHHK v\t\ 
HBjiaeTCH H30MeTpHeii v\n — \ T J(c(f)) ■ OneBHflHO, 7r hbjihctch npaBHjibHbiM OTo6pa»ceHHeM nojiHBfl- 
pajibHbix KOMnjieKCOB (cm. onpe/;ejieHHe 4(B)). 06o3HaHHM (piti := (tt\ v , fl ) -1 : T J(c(f)) ~* v \f] ■ 

OnnuieM (HHflyKH,Heii no k > ) nocTpoeHHe othohichhs 3KBHBajieHTHOCTH Ha MHOJKecTBe X^ k > := 

j j V\f] C X BMecTe c OTo6pa»ceHHeM ir^ : K^> — V (J>i~ l y k > , TaKHX hto 

d\ravtfi<k 

Kk °Pk = n\ X { k ), Pk°<P[f]\r' =Pk°¥6 T ,[f] fl™ jho6mx / G F, dimv[ f ] < k, h t' ■< Tj^f)), (H) 

r,n;e iO ' - mhojkcctbo KjiaccoB SKBHBajieHTHOCTH b X^ ' , /Jfc : X' ' — >■ if ( ' - KaHOHHHecKaa npoeKii,HH, 
5[f] - 6hckh,hh H3 uiara 3. Etpn k = pa3jiHHHbie tohkh CHHTaeM He SKBHBajieHTHbiMH, onpeflejiHM 
7To (popMyjioft 7To(f[/]) := Tjtc(f)) n P H dim U[j] = 0, Tor/i,a BbinojiHeHO (11) fljis /c = . ElycTb A; > 
1 h OTHomeHHe 3KBHBajieHTHOCTH Ha X' > c OTo6pa»ceHHeM 7Tfe_i yjKe nocTpoeHbi, npHHeM K^ > 
HBjiaeTCH (k — 1) -MepHbiM nojiH3,ii,pajibHbiM KOMnjieKCOM, 7Tfe_i - npaBHjibHbiM OTo6pa»ceHHeM n bh- 
nojmeHO (11) fljia fc — 1. H3 (10) n (11) ^jih fc — 1 cjie/jyeT, hto jj;jih Ka»c/i,oro [/] , dim^rji = k, 
HMeeTCH npaBHjibHoe BjioaceHne ip',*, : drj^tf)) ~* K > TaKoe hto (^ffilr' = Pk-i ° Ps ,[f] fl- 113 Jiio6oro 

t' -< Tjlcif)) ■ Onpe^ejIHM OTHOHieHHe 3KBHBajieHTHOCTH Ha K^ 1 ' U |J Vlf] , OTOJK^eCTBJIHH 



, dimi) 



KaHtjxyio TOHKy H3 dv\f\ c ee o6pa30M npn npaBHjibHOM BjioHceHHH ipi -, o-zr . Torna BbinojiHeHO (11), OTKy^a 
if( fc ) - A; -MepHbiii nojiH3/i,pajibHbiH KOMnjiexc h ir^ : K^ k > — > ("P^-i^^j _ npaBHjibHoe OTo6pa>KeHHe. 

TaKHM o6pa30M, mm nocTponjin OTHonieHne BKBHBajieHTHOCTH ~ g i uc Ha BceM X = X' 9 ~" , nojins/i,- 
pajibHbiii KOMnjieKC K = K^ q ^ = Xj ~ g i uc n npaBHjibHoe OTo6pa»ceHHe tq = TT q ^i : K — > V q ~ x . 

Ular 5. H3 yTBepjKji,eHHH n TeopeMbi 3(B) cjie/xyeT, hto nojiH3/i,pajibHbiH KOMnjieKC K KOHeneH. H3 pe- 
3yjibTaTa o npHBejj,eHHH cpyHKii,HH Mopca k HopMajibHon 4)opMe [4] cjie,a,yeT, hto K CBH3eH. AHajiorHHHO 
maraM 2-4 ctpohtch nojiHSflpajibHbiii KOMnjieKC K , yapBjieTBopHioiHHH ycjioBHHM nyHKTa (B), BMecTe c 
npaBHjibHbiM oTo6paH<eHHeM K — > V q ^ 1 (flJia stoto Ha,n;o Bcrony b niarax 2-4 3aMeHHTb [/], v\f\ , X, X^ ' , 



K^, n, 7r k ,Pk, <P[f], <p[ f] na [/]isot, v [f] . sot ,X, X^\K^\tt, ir k ,p k , ¥>[/] isot , <p[ f ] isot )• PaccMOTpHM npaBoe fleii- 
CTBHe rpynnbi @)/@)® Ha X := |_[ ^[/]i Sot > T & e 3JieMeHT hS>° G Q> jffl fleiicTByeT no npaBHjiy 

[/]i S otGF/~ isot 

/l ^°^[/]isot := ^[/^isot ° ^l%] isot : %lisot -> %h]isot 5 Tor fl a X ~ X/{3>/g> Q ) . 3to ^eiicTBHe HHflynnpyeT 
^eiicTBHe rpynnbi £F/£F° Ha X aBTOMopcpH3MaMH nojins/rpajibHoro KOMnjieKca (TaK KaK OTo6pa*:eHHH 
7r: X — > J> q ~ l h (5 T / , a noTOMy n OTHOHieHne BKBHBajieHTHOCTH ~ g i ue Ha X , ^/^°-HHBapnaHTHbi). Ilo- 
9TOMy KOMno3Hii,HH npaBHjibHoro Q) / 3>® -nHBapnaHTHoro OTo6pa»ceHHH X — > X n npaBHjibHoro OTo6pa- 
»ceHHH X — >• K HHflyn,npyeT npaBHjibHoe 3> / '2$° -nHBapnaHTHoe OTo6pa»ceHHe r: K — > K , TaKoe hto 
r(a) = a -H- [f] npn a o [/]i so t • OTCiofla r - pa3BeTBjieHHoe Haitpbrrne (cm. onpe^ejieHne 5). D 

06o3HaHeHHe 2. ^jih jiio6oh KjieTKH r KOMnjieKca K o6o3HanHM nepe3 S) T MHOJKecTBO ajieMeHTOB 
h G &/&° , TaKHX hto rh = t (cm. TeopeMy 3(B)). IlycTb K^ r > - r-MepHbiii octob KOMnjieKca K . 

TeopeMa 4. Tlycmb q > 1 u f G F . HMeemcn 9nuMopcpu3M /j,: tti(K) — > S>f/Jiff . B nacmnocmu, 

zpynna Slf/Jffif UMeem na6op o6pa3ymm ) ux //([71]), • • • ,/u([7^]) , zde [71], . . . , [7^] - o6pa,3yK>m i ue iri(K) . 

^OKa3aTejibCTBO. IlycTb tCKhtCK- kjictkh KOMnjieKCOB KaK, OTBenaioiiiHe KjiaccaM 
[/] n [/lisot ( CM - TeopeMy 3(B)). Be3 orpaHnneHHH o6iuhocth cnnTaeM, hto sth KjieTKH HyjibMepHbi. 
ElycTb Kf - CBH3Han KOMnoHeHTa KOMnjieKca K , co,a,ep»cainaH KjieTKy r . PaccMOTpHM npaBoe ^eftcTBHe 
rpynnbi S>f/3! h ee no^rpynnbi fflf jffl Ha Kf (cm. TeopeMy 3(B)). TaK KaK pa3BeTBjieHHoe HaKpbrrne 
Kf — > K HBjiaeTcn Slf/ffl -HHBapnaHTHbiM (cm. TaM ace), to K'r := Kf/(J4?f/@°) - nojiHa/rpajibHbiii 
KOMnjieKC, a npoeKinra r'f : K'r — >■ K « K'r / (3) f / Jtf'f) - pa3BeTBjieHHoe HaKpbiTHe. B ^eiicTBHTejibHOCTH, 
r'r HBjiHeTCH HaKpbiTneM, TaK KaK K'r CBH3eH n ^eftcTBHe Ha HeM rpynnbi @f/J#f cbo6o,u,ho (b cnjiy 
*2> T C Jtff/ffl). riosTOMy HMeeTCH ecTecTBeHHbiii 3nnMopcpH3M fj,: tti(K,t) — >■ ^f/Jiff, nepeBo/ininHH 
roMOTonnnecKHii Kjiacc jho6oh neTjin 7: [0, 1] — >■ K , 7(0) = 7(1) = r , b 3jieMeHT /i 7 G @f/Jtff , TaKon 
hto 7(1) = ^(O)/^ 1 . 3ppcb 7: [0, 1] — )■ K'r - TaKoe no^HHTne nyTH 7 , hto 7(0) = r(J^/^°) . □ 

OnnuieM Tenepb o6pa3yioHi,He rpynnbi @f/$>® b TepMHHax KOHenHoro CBH3Horo rpacpa K^ 1 ' . ElycTb 
T C K^ 1 ' - ocTOBHoe flepeBo rpacpa K^ 1 ' , nycTb a±, . . . , a n - Bee pe6pa H3 K^ l > \ T . ElycTb n, . . . , Ty 
n o"i, . . . , oe - Bee BepniHHbi n Bee pe6pa rpacpa K^ 1 ' (Ka»c/i,oe pe6po CHa6flHM npon3BOjibHon opneHTa- 
n,neii) . HMeeM n = E — V + 1 . ElycTb S : T — > X - jno6oe HenpepbiBHoe no,n,HHTHe ^epeBa T , TaKoe hto 
S*(r) = r (3/;ecb r, r KaK b ^OKa3aTejibCTBe TeopeMbi 4), n nycTb a e - TaKoe no^HHTne pe6pa a e , hto 
(7 e (0) = S(a e (0)) , 1 < e < n . HMeeM a e (l) = S(a e (l))h e ajih HeKOToporo h e G S>f/&° , 1 < e < n . 
3jieMeHTbi /ii, . . . , h n G 3)f/3)® Ha30BeM T -donoAHumeAVHUMU dAeMenmaMU. 

TeopeMa 5 (M. BacMaHOBa n E. KyupHBueBa, 1999). Ilycmb q > 1 u f £ F . Fpynna tyfjffi UMeem 
KOHeuHyto cucmejviy o6pa3ymm ) ux A\\J. . .YjAy\j{h\, . . . , h n } , zde A v - KoneHHaa cucmeMa o6pa,3yK>w j ux 
gpynnu Q s ^ Tv > t 1 < v <V (cm. o6o3HaneHne 2), hi, . . . , h n G QfjQl^ - T -donoAHumenbHue 3AeMenrau. 
/Jam MUHUMdAbHoeo nucAa o6pa3y)om t ux eepno rank (@f/@°) < (q + g — l)V + n = (q + g — 2)V + E + 1 , 
g(?e V u -E - KOAunecmea eepuiuu u pe6ep zpagm K^ l > , n = E — V + I , g - pod noeepxHocmu M . 

,ZJoKa3aTejibCTBO. riycTb h G ^//^° . Tor/;a, b o6o3HaneHHHX /i,OKa3aTejibCTBa TeopeMbi 4, cymecTByioT 
neTjin 7: [0, 1] — > K^ 1 ' n ee no^HHTne 7 b K , TaKne hto 7(0) = r h 7(1) = rh . flycTb 7 = cr|J 



e N 



ei •••' CJ e ] v 



- pa3jio»ceHHe neTjin 7 b npoH3Be,a,eHHe opneHTnpoBaHHbix pe6ep KOMnjieKca K , r^e £j G {1,-1} n 
ej G {1, . . . , i?} , 1 < i < N , a nycTb 7 = a^ 1 • . . . • 5^ - cooTBeTCTByioHiee pa3jioJKeHne. 06o3HannM 
n := vf{l) npn 1 < i < N ; d e := S(a e ) h h e := 1 G %/^° npn n< e < E . HMeeM oflj(l) = r^ fljin 
HeKOToporo u j G {1, . . . , y} ; a^ = a^.hi pjisi HeKOToporo hi G f2?/^° ( 1 — * — -^ )■ 

H3 r = 7(0) = <r^ 1 (0) = a^(0)hi HMeeM r = r/iei 2 hi , OTKyu;a hi G h ei 2 & T (cm. o6o3HaHeHHe 2). 

n P H 1 < i < N H3 3f(l) = Sfj(l)^ n ^;Y(0) = ^(0)^+1 HMeeM n = S(r Vi )htTK H fi = 
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^W^? &i+i > OTKy^a fn+^i € /ie l+ ? 9 b ^i>h ei 2 . Hs o^(l) = a e e ^{l)h N a 7 (1) = r/i HMeeM 

_ £JV±i~ ____ £jV±i~ ____ ____ ~_i ~ Ejv + 1 

tat = S(r VN )he N 2 Hn = rh eN 2 h N h t n = rh , OTKyzja /i/i^ € 3> T h eN 2 . IIosTOMy 

/i = (hi], 1 ) (hNhjrlJ ... (M^ 1 )^ e fT ^ ^ s(r ^-i } /i^:; ... h% 2> s ^ h%\ 9f, 

T.e. h ecTb npoH3BefleHHe CTeneHen 3jieMeHTOB H3 Ai U . . . U ^4y U {hi, . . . , /i n } . Onemta rank (A v ) < 
q + g — 1 jierKO ^OKa3biBaeTCH, cm. 3aMenaHne nepe,n, cjie,n,CTBHeM. D 

Abtop npHHOCHT 6jiaro,a,apHOCTb ^.M. AcpaHacbeBy, M. BacMaHOBoii, K3.M. BypiviaHy, M. KoHneBHuy, 
,ZLA. IlepMHKOBy, Jl. Oa^eeBoii, A.T. OoMeHKO n X. HnniaHry 3a nojie3Hbie 3aMeuaHHH n o6cy)K,n,eHHfl. 

Pa6oTa nacTHHHO no/iflepjKaHa rpaHTOM POOH N 2 10-01-00748-a, rpaHTOM nporpaMMbi "Be/rynxHe 
HayHHbie uikojibi P<D" HIII-3224. 2010.1, rpaHTOM nporpaMMbi "Pa3BHTne HaynHoro noTeminajia Bbicnieii 
niKOJibi" PHI1 2.1.1.3704 «CoBpeMeHHaH /incpcpepeHiiHajibHaH reoMeTpna, Tonojiorna n npnjio»ceHHH» 
n rpaHTOM <DD,n «HaynHbie n HaynHO-ne^arornnecKHe Ka/rpbi HHHOBaniioHHoii Poccnn» (KOHTpaKTbi 
N 2 02.740.11.5213 n W« 14.740.11.0794). 
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